The strong oscillation of a second order symmetric elliptic operator is shown to be equivalent to the oscillation of all solutions of the associated homogeneous equation. Extensions of a nonoscillation theorem and of an existence theorem are obtained as applications.
ON THE EQUIVALENCE OF TWO TYPES OF OSCILLATION FOR ELLIPTIC OPERATORS W. ALLEGRETTO
The strong oscillation of a second order symmetric elliptic operator is shown to be equivalent to the oscillation of all solutions of the associated homogeneous equation. Extensions of a nonoscillation theorem and of an existence theorem are obtained as applications.
Introduction* Let {E n 9 °o} denote the topological space formed by the standard one point compactification of ^-dimensional Euclidean space E*. A real valued function u with domain in E* is said to be oscillatory (at oo) iff oo belongs to the closure (in the topology of {E % , oo}) of the set {x\xe E n and u(x) = 0}. Let L denote a second order symmetric elliptic operator with coefficients defined in an unbounded domain Ω of E n . Following I. Glazman [6] , we define L to be strongly oscillatory (at oo) iff L has a nodal domain in NΠ Ω for any given neighborhood N of oo. That is: Given any neighborhood N of oo, there exists a bounded domain DaN Π Ω for which zero is the smallest eigenvalue for L (corresponding to Dirichlet boundary conditions). Since the classical Sturm-Kneser theorem can be extended to partial differential equations by means of the Swanson-Picone identity, [14, p. 187] , [2] , it follows that if L is strongly oscillatory then every C 2 function v which is a solution of the equation Lu = 0 in N n Ω, for some neighbourhood N of oo, must be oscillatory. This connection between the strong oscillation of L and the oscillation of the solutions to the equation Lu = 0 has been noted for some time, beginning with results of K. Kreith [8] , for special cases of L; Headley and Swanson [7] , for the general case; and, more recently, several other authors. Further extensions of these concepts have also been made to the case of elliptic systems [1] , [16] and eigenvalue problem [2] , [3] . We refer the reader to the recent book by K. Kreith [9] , where these ideas are discussed and an extensive bibliography is given.
It is our main purpose to show that the strong oscillation of a second order elliptic operator L is equivalent to the oscillation of all solutions u of the equation Lu = 0 in neighborhoods of oo, if the coefficients of L and Ω are reasonably regular. This extends a result which is obviously true for ordinary differential equations. As applications of our results, a nonoscillation theorem of C. A. Swanson is strengthened and some related results of L. M. Kuks are clarified and extended. 319 320 W. ALLEGRETTO We shall restrict our discussion to the case where Ω is an unbounded domain and L has regular coefficients. The analogues of our results for the case where Ω is bounded but the coefficients of L are singular at some boundary point of Ω will be obvious from the presentation.
2* Assumptions and main results* As is usual, points of E* will be denoted by x = (x u •••,$*) and differentiation with respect to x i by D t for ί = 1, •••,%. Let Ω denote an unbounded domain of E n . We shall use the following notation throughout:
and ft < \x\ < p} ,
and p < \x\} , where 0 < p x < p < oo. Let L denote the elliptic operator formally given by: 
Then given ε, 0 < ε < 1/2, there is a l 0 = l o (x o , β, ε) such that for each positive integer I ^ l Q , the following hold:
The proof of Lemma 0 follows easily from the locally uniform ellipticity of L and the local boundedness of the coefficients of L.
As an immediate consequence of Lemma 0, we note that given any arbitrarily large q > 0 and any sufficiently small ε > 0 we can We shall not distinguish in notation between the equivalence classes which form the elements of H\D) and functions chosen from various equivalence classes.
Given any function ueHo(D), we define u to be nonnegative in the A generalized solution of Lu = / is a function u in ίί^D) such that B(u, φ) = (/, ^) for all ό G CΓ(J5) where, as usual, we set (/, φ) = \ fφ.
The above terminology was introduced in [13] where the following two results were established (in much greater generality): LEMMA 1 [13, p. 18 
Proof. Since L has no nodal domains in Ω m>co then for each integer k, k > m + 2ε, there exists a positive constant 7 such that for all functions φ£C~(Ω m+eik ) we have:
Consequently L is uniformly positive definite in C~(Ω m+είk ) and we can form the Friedrichs extension of L (also denoted by L) whose domain is contained in the completion of C™ (Ω m+ε , k 
where \\Φ\\l = (φ, Lφ).
We note that if φeC~ (Ω m+ε 
\\φ\\l for some constant M which depends on the coefficients of L, and, conversely, where λ denotes a positive lower bound on the smallest eigenvalue of (a i3 (x)) and iV=sup|c(»ί for xeΩ m+ε>k .
Consequently, the || || Lnorm and || || r norm are equivalent for C~ (Ω m+8tk ) and the completion of Cϊ(Ω m+e , k ) in the || j| L -norm is Hi (Ω m+ε>k This is a minimizing sequence for the functional J in the space formed by completing Cτ(Ω m+ε>Oΰ ) in the || || Lnorm since if ψ e C™(Ω m+£}OO ) then J(φ) ^ J{u 3 ) for any j chosen so that supp φ c Ω m+εJ .
We note that the expression ||^||| = (φ, Lφ) defines a norm even for φ e C~(Ω m>a J since L has no nodal domains in i2 W)0O . Consequently, the Cauchy-Schwartz inequality shows that the map φ -• (Φ, Lφ 0 ) is a bounded linear functional on the space Cτ(Ω m>00 ) (and hence on C"(β w+ε>0O )), with respect to the || || L -norm. By means of the Riesz representation theorem, we conclude that the minimum of J is achieved in the completion of C~(Ω m+ε)OO ) (with respect to the || || L -norm) and it follows that the sequence {wj converges in the || ll^-norm, [12, Chapter 1] (K) .
By the Riesz representation theorem we have: Since the coefficients of L are of class C 3t+1 and C 3ί respectively, we conclude by a classical result (see, for example, [5, p. 56] ) thatα/r o e C 2t+2 (K) and consequently that ue C\K). Hence u is a classical solution of Lu -0 in β w+2s>co . Since ^ is obviously nonnegative, then u must be positive [10] .
It is interesting to note that the conclusion of Lemma 4 cannot be strengthened to read: "there exists a function u solution of Lu 0 in Ω and positive in Ω m+etOO ", as the following counterexample shows. Let Ω = E 2 and let c denote any regular nonpositive function with support in {x\ \x\ < 1} such that the operator formally defined by Lu --Δu + cu has no nodal domains in {x \ | x \ < 2}. L has no nodal domains in Ω 1}OO since if φeC™(Ω 1}O0 ) then Lφ --Jφ. Assume that there exists a function v such that Lv = 0 in E 2 and t; > 0 in Ω 1+ε>co with 0 < ε < 1. If v vanishes at some point of E 2 then it must change sign [10] . By Lemma 1, + e Ho({x\ \x\ < 2}) and by + is a subsolution. Consequently, we have v) + , (-v) Proof. If L is strongly oscillatory then, given any neighborhood JV of oo it follows by the standard theory of eigenvalue problems that there exists a bounded domain DczN Π Ω and a function ω e Hi(D) such that (ω, Lω) < 0. By arguments involving the SwansonPicone identity (see, for example, [14, p. 205] , [2] ) we conclude that all solutions u of Lu -0 in D must change sign in D. Consequently, all solutions of the equation Lu = 0 in some neighborhood of co are oscillatory. Conversely, if L is not strongly oscillatory, then, by Lemma 4, there exists a positive solution to the equation Lu == 0 in some neighborhood of oo.
The proofs of the lemmas and of Theorem 1 would be even simpler if the fact that L had no nodal domains in Ω mfOO implied that, for ε > 0, the eigenvalues of L in the bounded subdomains of Ω m+ε)OO were uniformly bounded below by a positive constant. Simple examples can be constructed to show that this is, in general, false.
As an application of Theorem 1 it is possible to give strengthened versions of known nonoscillation theorems. As an example we give the following corollary which strengthens a result of C. A. Swanson [15] , which is itself an extension of a result of Glazman. Proof. It is shown in [15] that condition (1) is sufficient for L to have no nodal domains in a neighborhood at oo. The conclusion then follows from Theorem 1.
It is obviously possible to obtain other such results by using known nonoscillation criteria, but we do not pursue this point. In conclusion we note that L. M. Kuks has stated related results which, as given in [11] , appear valid only under the implicit assumption that the (open) domain Ω and the coefficients of L are such that the standard existence and uniqueness theories apply to the whole of Ω. Specifically, it is stated in [11] that a necessary and sufficient condition for the unique solvability of the Dirichlet problem in the subdomains of Ω is that there exists a positive solution to the inequality Lu ^ 0 (cf. Definition 2 and Theorem 3 of [11] ). Analogous examples are possible for unbounded domains. If the "domain" of [11] is not assumed open, i.e., if Ω = Q U P with Q some open set and P a nonempty subset of the boundary of Q, then clearly Theorem 3 of [11] is again false, for if the smallest eigenvalue for L in Q is zero and conditions are sufficiently regular then by the Swanson-Picone identity every solution of the inequality Lu ^ 0 must vanish in Ω even though the Dirichlet problem has a unique solution in each (proper) subdomain of Ω. It follows that, as claimed above, Theorem 3 of [11] is valid (for open sets) only under global regularity assumptions and, consequently, it does not imply Theorem 1. We state a result which is, in form, a local version of Theorem 3 of [11] . If Ω and the coefficients of L are such that, for some ε > 0, it is possible to regularly extend the coefficients of L to the open set β«-ε,«> of E n in such a way that the extension has no nodal domains in β»-β ,oo then we choose m' = m in Corollary 2 and in this case we have: The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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